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branching and cyclization occurs. Here, we refer to the
pregel stage of vinyl-divinyl copolymerization as an ex-
ample.! If we choose a cyclopolymerization process as one
extreme and random cyclization of linear or branched
chains as the other, the vinyl-divinyl polymerization could
be placed somewhere between these two extremes.? A
short distance between a reaction center and a reactive site
in the process favors? formation of separated cycles along
a linear primary chain. On the other hand, conformational
behavior of most commonly used divinyl cross-linking
agents and the presence of previously formed large cycles
randomize cycle sizes. Obviously, the reaction sites, i.e.,
side chains with unreacted vinyls, may remain unchanged
as well.

For the randomly cyclized linear chains, very simple
reasoning? leads to the relation first given by Allen et al.?®

8o{min) =1/(r + 1) 47

where r is the number of cross-links (contacts?) existing
in the cyclized volumeless chain. Equation 45 provides a
similar relation for the other extreme, while eq 36 de-
scribes, as a kind of reference, a case when long side chains
belonging to a cross-linking agent are not involved in any
cyclization but provide extensive branching instead. The
relations above offer a new method for calculating the
configurational behavior of idealized Gaussian molecules.
Furthermore, the method has wider applicability and in
particular suggests some general trends for dimensions of
vinyl-divinyl primary molecules.?
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ABSTRACT: It has been found that the term &, in the Yamakawa-Fujii equation for the intrinsic viscosity
of the wormlike continuous cylinder model, [n]y = ®(A1)3/2L/2/ M), can be given a simple form valid over
a broad range of the chain contour length L: &, = &, .[By + Ay(A™1/L)*/%]3, The parameter 4, is a function
of the ratio d/A™ while B, is nearly constant. On the basis of these results, new methods are proposed for
evaluating the model parameters (Kuhn segment length A%, relative molecular mass per unit contour length
M;, and chain diameter d) from the intrinsic viscosity data for stiff-chain polymers. Accordingly, the plot
of (M?/[n])"/3 vs. M*/? is linear, and the random-coil value of (R.%)/M, i.e., ((Re?) /M).., is simply evaluated
from the slope of the plot. The possibilities of estimating M, and d, either from the intrinsic viscosity data
alone or, preferably, from their combination with the partial specific volume of the polymer, are discussed.
The procedures are applied to nine typical stiff-chain polymers (polyisocyanate, cellulose trinitrate, polypeptides
in helical conformation, aromatic polyamides, ete.). The results agree well with those obtained by more involved
procedures. The effect of the excluded volume on the shape of the plot is also qualitatively discussed.

Introduction

The category of stiff-chain polymers includes important
natural and synthetic macromolecular substances, the
number of which steadily increases. Since the determi-

nation of molecular dimensions by means of the light-
scattering method is frequently difficult with these sub-
stances, their conformational characteristics are derived
from the hydrodynamic quantities, mainly from the in-
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trinsic viscosity. The procedures advanced for this purpose
are based on theories'™ representing linear polymer chains
by the wormlike chain model, particularly on the theory
of Yamakawa and Fujii.6

The latter is an application of the Oseen—-Burgers pro-
cedure of hydrodynamics to the wormlike continuous
cylinder model, i.e., a cylinder, the axis of which is de-
scribed by a space curve obeying the wormlike chain sta-
tistics. It is characterized by the contour length L, the
effective hydrodynamic diameter d, and the persistence
length 1/,A7 (or the Kuhn statistical segment length A1).
One limit of the model (L — 0, d — 0) is the rigid straight
cylinder (or rod), and the other (L — «) is the random-
flight chain. For the latter case we can write

(R /L) = }1_1.11 ((Re2y/L) = N1 (la)
A= ((Re?y /M) M, (1b)

or
A= 6((Sp?) /M) M, (1c)

Here, M is the relative molecular mass, (Ry?) is the
mean-square end-to-end distance of the chain, and (Sy?)
is the mean-square radius of gyration of the chain (both
unperturbed by the excluded-volume effect). M, is the
shift factor defined as the relative molecular mass per unit
contour length; M; = M/L.

Evaluation of the parameters ({R2/M)., A, My, and
d from the intrinsic viscosity data suffers from serious and
restrictive difficulties. Some procedures (e.g., plotting
M/[n] vs. M'/2 or M*/?/[n] vs. M"'/? and extrapolating to
MY2— 0 or to M™% — 0, respectively)”® may be used only
with systems where the exponent, v/, of the Mark—-Hou-
wink-Kuhn-Sakurada (MHKS) equation is considerably
lower than about 0.9.° Another method, involving non-
linear extrapolation to M — 0 of the plot of [7]/M? vs. M,
has been proposed for systems with higher »’ values.!%!
A more general method involves finding the theoretical
best-fit curve to logarithmic plots of [5]/ M2 vs. M*/% or
of M?/[n] vs. M.8'% The fitting of curves is not free from
ambiguity, even if the viscosity data are combined with
the results of other methods (e.g., sedimentation coeffi-
cient!314),

In this paper we present a new method for treating the
intrinsic viscosity data for stiff-chain polymers. We show
that the function F,(L,d) of the Yamakawa-Fujii theory
of the intrinsic viscosity® can be expressed, with good ac-
curacy and over a broad range of chain lengths, in a simple
analytic form which, on rearrangement, provides a basis
for the estimation of ({R,?)/M)., the fundamental con-
formational characteristic. We also discuss the possibilities
of estimating M; and d. By means of the outlined meth-
ods, we analyze the dependences of the intrinsic viscosity
on the relative molecular mass for several typical stiff-chain
polymers. Most of them have been chosen so that the
values of ({Ry2)/M). obtained from viscosity can be
checked against the results of the light-scattering method.

Theory

Fundamental Relationships. The analysis of the in-
trinsic viscosity of stiff-chain polymers can conveniently
be started with eq 43 in ref 6

[nlo = ®oL, 2N /M @)

where [1], (expressed in cm?® g™1) is the intrinsic viscosity
corresponding to a configuration of the chain unperturbed
by the excluded-volume effect and &, is the viscosity
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Figure 1. Plot of theoretical data according to eq 6. (@) The-
oretical values from ref 6 for d, = 1073, 1072, 107!, and 4 X 107!
(curves 1-4). Full straight lines are best-fit ones calculated ac-
cording to eq 6 with Ay and B, given in Table I. L * denoted by
arrows.

function depending on L, and d,, where L, is the reduced
contour length and d; is the reduced diameter

L, =L/\1 (3a)
d,=d/\! (3b)

The limit of &, for L, — =, denoted by &, is independent
of d, and equal to 2.86 X 10%.% By combining eq 1-3, we
obtain

[n)o = [®0,-((Ro%) /M) 2MY 2 F, 4)
where
Fy = &/%,. (5)

The term in square brackets on the right-hand side of
eq 4 is identical with the Flory-Fox formula for the in-
trinsic viscosity of unperturbed random coils in the non-
draining limit (cf. ref 15). The factor F| is a function of
L, and d,. At L, — =, it is equal to unity for all values of
d.. The values of F, for 10°<d, <1and 0.1 S L, £10*
are given in ref 6.

It follows from eq 4 that for stiff-chain polymers the
values of [n]o/ M2 converge to Ky = & .((R,?)/M).%?
at high values of L,. Thus, estimation of ((Ry?)/M).. de-
pends on the possibility of extrapolating F, to L, — =. As
the formulas for F, given in ref 6 are too complicated, they
do not allow a simple extrapolation. We believe that the
approximate analytic expression for F;(L,) to be presented
and discussed in the following can facilitate this operation.

Approximate Expression for F,(L,). In Figure 1 we
have plotted L,/%/F,'/8 vs. L,\/2. Except for the lowest
values of L, < L,*, the dependences for all values of d,
appear to be linear, indicating that the equation

1'41'1/2/‘Fll/3 = AO + B()Lrl/2 (6)

could be a fair approximation to F;. A careful analysis,
however, reveals a slight curvature of the plot. That can
be demonstrated in the following way. If the parameters
A, and B, are evaluated by the least-squares method from
a complete set of available F, values (for 0.5 < L, < 104)
and if they are substituted into eq 6 to yield F,, the dif-
ferences between the original and calculated F; values are
small (about 1 or 2%) at L, > 10 but significant (about 5%
or more) at L, < 10.

If, however, the range of L, values covered by the present
approximation is reduced to L,* < L, < L ** (where L.*
and L ** are given in Table I) and if the new values of A,
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Table 1
Parameters of Eq 7

range of validity

range of validity

dy A, B, Ly*  Ly** dy A, B, Ly* Ly**

1073 2.004 1.113 0.1 200 8 x 107 1.022 1.010 3.2 2x 10°

2x 1073 1.909 1.089 0.2 300 107! 0.966 1.000 4.0 2 x 103

5x 107 1.704 1.079 0.4 300 1.4x 10 0.722 1.012 10 2 x 10*

1072 1.542 1.066 04 300 2% 107! 0.550 1.005 16 2 X 104

2X 107 1.376 1.052 1.0 400 4 x 107! 0.0317 0.9986 5 10¢

5x 1072 1.120 1.031 1.0 500 6 x 107! -0.583 0.999 10?2 10¢

6x 107 1.070 1.025 2.0 103 1.0 -1.426 0.999 2x 10?2 108

7% 107? 1.053 1.016 2.0 103
y T * According to these equations, ((Ry?/M). can simply be

B g - N evaluated from the slope B, of the plot of (M2/[5])}/? vs.

09 1 1 g M2, The intercept A, depends on d, (through A,) and
2 , =

1

|
OL \

i
o? o7 o’

Figure 2. Dependence on d, of> the parameters A, (®) and B,
(0). Values from Table I. Full lines calculated according to eq
8 and 9, respectively.

and B, (Table I) are used to calculate F;, the corre-
spondence between the original and calculated values is
significantly improved. Hence, the formula

Fy = (By+ Ay/LV?3 (M

easily obtained from eq 6, offers a good approximation to
F| over an interval of more than 2 orders of magnitude in
L6

Both parameters of eq 7 depend on the reduced diam-
eter d, (Figure 2). The dependences can be described by
eq 8 and 9:

B, = 1.00 - 0.0367 log d, (8)
A = 0.46 - 0.53 log d, 9)

The former is valid for d, < 1 with an accuracy of about
1.5%, and the latter for d, < 0.1 with an accuracy of about
3%. B, is a slowly decreasing function of d,, and in the
first approximation it may be replaced by the mean value,
B, = 1.05. The dependence of A, on d, is more pro-
nounced. At d, Z 0.1, A, steeply decreases so that for d,
2 0.4, it becomes negative (Figure 2).

New Method of Plotting the [#] Data. Combining eq
4,7, and 1 leads to the equation

[n]o = [®o,((Ro?) / M) 2MY/2] X
[By + Ao((Re%) /M).1/2M / MY2]73 (10)

which can be rearranged into a form suitable for applica-
tion

(M?/[n]o)'/3 = A, + B,M'/? (11)
where
A, = AM;®,.1/3 (12)
and
B, = By®, . V3((Ry?) /M) V/? (13)

on M; so that, for an estimation of either of them, one
needs additional information. In the following part we
discuss the possibility of obtaining this information from
the coordinates of the minimum on the plot of M/[n], vs.
M2 or from the partial specific volume of the polymer.

Analysis of the Plots of M /[n], vs. M'/? and Esti-
mation of d, and M;. It has been shown® that the plots
of LM%/ F, vs. L,'/? (at constant d, < 0.1) display a mini-
mum, the coordinates of which, (L,'/?/F;), and L,,'?
depend on d,. They are simply related to the parameters
Ay and By. To demonstrate that, we rearrange eq 6 into
the form

L\V?/Fy = (Ag + BoL,V%* /L, (14)

differentiate with respect to L,'/2, and apply the condition
of the minimum. We find that

Lr,ml/2 = 2A()/BO (15)

and
(L2 /F)y = (27/4)A B> (16)

The values of L, ,'/? and (L,'/2/ F),, for a few typical values
of d, are presented in Table III. Since eq 6 is an ap-
proximation, it is worthwhile to check these results against
the accurate ones.

It follows from eq 1-5 that

M/[n)o = [®0-""((R®) /M)""MLIL, 2 /F,  (17)

and

L.n'/? = M'A((Re®) /M) /2 M (18)
For L, > 2.278, the function F; may be expressed in the
form
4
F,=1-%CL*? (19)
i=1
where the numerical coefficients C; are complicated
functions of d, (cf. ref 6). By substituting from eq 19 into
(17), differentiating with respect to L,!/2, and introducing
the condition of the minimum, we have
4
1+ XG@-1CL,,"?=0 (20)
i=2
The values of L, , are obtained by numerically solving eq
20, and the values of (L,}/2/F;),, are calculated from L, ,
by means of eq 4 and 19. An inspection of the entries in
Table II shows that eq 15 and 16 allow an approximate
estimation of L, ,, and a fairly good estimation of (L,'/2/
F)),.
According to Figure 3, the dependences of (L,}/2/F})/
(L;/2/F})y on (L,/L,,)"? for different values of d, overlap
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Table II
Comparison between QOriginal and Approximate Values of 77!
dy
10°® 107* 5% 1072 107!
Ly a b a b a b a b

0.1 410 413.7 145.1 209.9
0.25 139.3 134 64.2 71.5
0.32 104.2 99.1 51.2 54.5
0.5 62.3 61.5 33.8 34.2 15.04 17.88
1 29.5 30.3 17.7 7.7 9.19 9.94 6.27 7.59
2 15.4 16.2 9.95 10.03 6.01 6.05 4.28 4.77
4 9.16 9.46 6.14 6.20 4.00 4.02 3.10 3.25
5 7.89 8.11 5.36 5.41 3.57 3.59 2.83 2.94
8 5.96 6.04 4.16 4.19 2.89 2.90 2.36 2.41
10 5.30 5.32 3.74 3.75 2.66 2.65 2.19 2.22
16 4.25 4.20 3.08 3.06 2.27 2.25 1.90 1.91
100 2.29 2.27 1.83 1.82 1.51 1.49 1.33 1.31
200 1.92, 1.97, 1.60 1.62 1.36 1.36 1.23 1.21,
320 1.74 1.84 1.48 1.53 1.29 1.31 1.16 1.17
500 1.60 1.74 1.39 1.48 1.23 1.26 1.13 1.13;
1000 1.425 1.63 1.28 1.38 1.17 1.21 1.11 1.09

@ Qriginal values.® ? Values calculated by means of eq 7 with A, and B, given in Table I. Range of validity of eq 7

denoted by italics.

Table III
Coordinates of the Minimum of the Plot of
LrHZ/Fl vs. L,'’2

Lypym''? caled (Ly'"*/F )y, caled

as eq 4 as (27/

dy eq 20 24,/B, and19 4)A B,?
1073 3.277 3.601 16.22 17.01
2 x 1073 3.103 3.504 14.96 15.33
5% 107? 2.927 3.158 13.33 13.31
107 2.774 2.894 11.79 11.78
2% 1077 2.594 2.616 10.12 10.18
5x 107? 2.152 2.173 7.96 7.95
6x 10°? 1.992 2.088 7.49 7.44
7 % 1072 1.830 2.073 7.14 7.01

almost perfectly at (L,/L, )/ > 1 but are distinct at
(L,/L,)"* < 1. This fact can, in principle, be used for
a rough estimation of the diameter d,.

Equations 17 and 19 indicate that the dependence of
L,/?/F, on L;'/? is a generalized form of the plot of M/[n],
vs. M'/2 (ref 9) and that the coordinates of the minimum
of the former, (L,}/?/F;), and L ,'/? stand in a simple
relationship to those of the latter, (M/[7]o), and M, !/2

Now, if the values of (M/[n]g)m and M,'/? have been
estimated, we can plot, on the same scale, the experimental
data as (M/[n]o)/(M/[n]o)m vs. (M/M_)Y/? and the theo-
retical data (for several values of d,) as (L,/2/F))/
(LY2/F 1) vs. (Ly/L,2)'/% and look for the theoretical
curve that matches the experimental dependence. In this
way the reduced d, is assessed. We then estimate A, by
interpolating in Figure 2 or by employing eq 9 and calcu-
late M, from A, according to eq 12.

The plots of M/[n], vs. M'/2 are sensitive to errors in
(710 and M so that direct estimation of (M/[n]o), and M, '/
may be inaccurate. There exist, however, simple rela-
tionships, similar to eq 15 and 16, between these coordi-
nates and the parameters A, and B,, viz.

(M/[nlo)n = (27/4)A,B,? (21)

and
M,Y? =24, /B, (22)
which facilitate the estimation of (M/[n]¢)m and M, /2,
It will be shown later that, with the usual accuracy of

experimental data, the procedure just described hardly
yields the diameter d, with an accuracy better than +40%.

x G 0 5 T
log {L+/em)

17

Figure 3. Generalized plot of M/[n] vs. M'/2. Curves 1-4 cal-
culated for d, = 1078, 1072, 2 X 1072, and 5 X 107, respectively.
(L,*%/F})y, and L, 1% values characterize the minimum point on
the plots of L,}/2/F, vs. L,'/%. For details, see text.

The estimation is particularly difficult (or impossible) with
data covering a narrow span of M values. Nevertheless,
as demonstrated by Figure 2, a difference of 100% in d,
(at d, < 0.1) corresponds to a difference of only 10% in
A,. Thus, even if d, is not determined exactly, the shift
factor M; can still be estimated with fair accuracy.
Alternative Way of Estimating d,. Tsuji et al.!* made
the assumption that the hydrodynamic volume occupied
by 1 g of the wormlike cylinder is equal to the partial
specific volume, 7, of the polymer molecules, so that

0 = (7Ns/4)(d*/ M) (23)

By combining eq 23 with (1b), (3b), (12), and (13) and by
substituting B, = B, = 1.05, we obtain

d?/Ay = (4%,./1.2157N,) (5 /A,)B,} (24)
Thus, having determined (5/A,)B,*, we can evaluate the
reduced diameter d, via the dependence of d,?/A4, on d,
(Figure 4), which can be described by the approximate
empirical formulas

log (d,2/A,) = 0.173 + 2.158 log d, (d, £0.1) (25a)
log (d,%/Ay) = 0.795 + 2.78 log d, (0.1 =d, <04)
(25b)
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Figure 4. Logarithmic dependence of d,2/4, on d,. (@) Values
of d;2/ A calculated from data in Table I. Lines 1 and 2 calculated
according to eq 25a and 25b, respectively.

The assumption underlying eq 23 seems reasonable for
chains which are stiff so that their local shape may be
regarded as cylindrical.l” It may be objected that, in
general, the diameter in eq 23 need not be identical with
the effective hydrodynamic diameter d. Our primary aim,
however, is to estimate M, from A,. To do that, we need
to know A, which, fortunately, is not a very sensitive
function of d, (at least for d, < 0.1) and, consequently, is
not much affected by inaccuracy of d,. In comparison with
the procedure described in the preceding paragraph, this
method is more accurate and is to be preferred whenever
possible.

Excluded-Volume Effect. In the theory underlying
the present methods, the excluded-volume effect and the
expansion of molecular dimensions are neglected. This
assumption need not be met in practice. It is therefore
useful to consider the impact that the expansion could
have on the plot of (M?/[5])'/3 vs. M'/2,

Let us start with the equation

ad=[nl/Inlo=1+Cz+... (26)

where a,® is the viscosity expansion factor, [5] is the in-
trinsic viscosity for expanded molecules, and z is the
well-known excluded-volume parameter (proportional to
L% or MY/215), Stockmayer and Yamakawa'® found
theoretically that, in the equation for the mean-square
end-to-end distance

ag? = (R%) /(Ry?) =1+ Cpz + ... (27)

the coefficient Cy is a function of L,. It is zeroat L, <1,
equal to 0.671 at L, = 10, and close to the limiting (random
coil) value, '3/, at L, 2 10%. The dependence of C, on
L, is unknown at present. Assuming that it will be similar
to that of Cp, we can expect that the viscosity expansion
factor will not be negligible at very high values of L, but
will be very close to unity at low L, (of the order of unity)
so that the initial slope of the plot of (M?2/[5])'/3 vs. M'/2
will not be significantly affected by expansion.

The situation is less favorable with an alternative plot'67
based on a simple transformation of eq 11, namely,
(M'2/[q])'/3 vs. M1/2, Tt involves extrapolation to M1/
— 0. Regarding the excluded-volume effect (particularly

Estimating Parameters of Wormlike Chain Model 1487

{a) }

05 10 15 20 25
Mg 107
Figure 5. Poly(n-hexyl isocyanate): (a) Plot of (M?/[5])'/3 vs.
M2 (b) plot of M/[5] vs. MY/2. Data for hexane solutions (25
°C): (@) ref 23; (O) ref 21. Curves 1 and 2 in (b) calculated for
d, X 10° = 2 and 5, respectively. The minimum point in (b)
calculated by means of eq 21 and 22 is denoted by a cross.

with less stiff chains at high chain length), which would
affect this extrapolation in an unpredictable way, we
consider this alternative less suitable.

Discussion

In the following the proposed methods will be employed
to analyze the intrinsic viscosity data for a few typical
stiff-chain polymers chosen so that their Mark-Hou-
wink-Kuhn-Sakurada exponents »’ cover the range from
0.7 to 1.7.

Poly(n-hexyl isocyanate). Poly(n-hexyl isocyanate)
(PHIC) exhibits nonlinear logarithmic dependences of [7]
on M?**2 and a minimum in the plot of M/[n] vs. M'/2
(Figure 5). The data of Murakami et al.,® covering a span
of relative molecular masses from 0.068 X 108 to 7.2 X 10,
are particularly suited for checking the methods outlined
above, The treatment based on eq 11 gives for ({S;%)/M)
a value that is in excellent agreement with that obtained
by the light-scattering method (Table IV).

The position of the minimum on the plot of M/[7] vs.
M2 ig well established by calculation according to eq 22,
but the shape of the plot does not allow an accurate es-
timation of d,. Nevertheless, regarding the small scatter
of the data points, we try to estimate a probable value of
d.. The superposition of experimental and calculated
dependences is better for d, = 0.02 than for d, = 0.05
(Figure 5b). Using the corresponding A,, we obtain M|
=710nm™, A"l = 84 nm, and d = 1.7 nm. A less ambig-
uous result is obtained by means of the method based on
eq24: M; =680 nm™, A\l =82 nm, and d = 1.3 nm. The
values agree well with those reported by Murakami et al.?
(Table IV).

By using the entries in Table III (for d, = 0.02), we
identify M,*/? = 0.62 X 10° with L,/2 ~ 2.6 and find that
the highest relative molecular mass, 7.24 X 108, corresponds
to L, = 134 and is within the range of validity of eq 11 (cf.
Table I).

The plots of (M?/[9])Y/% vs. MY? for PHIC in other
solvents are also linear and their slopes depend on the
solvent used. Since the plots of M/[5] vs. M*/? do not allow
d, to be estimated and no data are available for the partial
specific volume in these solvents, only the values of
((Ry?) /M)., have been determined. They show (Table IV)
that the PHIC chains are more extended in nonpolar
solvents.

Extracellular Polysaccharide Schizophyllan in
Helical Conformation. There are no light-scattering data
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Table IV
Model Parameters of Some Stiff-Chain Polymers®

viscosity data

solvent (R, »/M)e X 10?, nm? Mp,nm! Al nm d,nm from ref
Poly(n-hexyl isocyanate)
hexane 12 (12%) 680 (715) 82 (84) 1.3(1.6) 21, 23
toluene 10.7
THF 8.2 20, 22
CCl, 13.1
CHCI, 7.4
CCl,/TFAA 6.4
Schizophyllan
water 14 1900 (2200) 274 (400) 1.6 (2.6) 25
Pt Complex (PPBD)
benzene ‘ 3.8 680 (810) 25 (26) 0.35 (1.2) 26
Cellulose Trinitrate

acetone 5.8 500 (524°) 29 (33¢) 1.0 31

5.7 (6.19:9) 610 36 11 32

5.4 (5.0%:¢) 900 49 1.3 32
ethyl acetate 8.0 590 46 0.89 33

6.8 600 41 0.98 34

Poly(e-carbobenzoxy-L-lysine) (PCBL)
DMF 5.2 1450 76 0.58 28
1500-1680 79-88 0.8-1.75
Poly(y-ethyl L -glutamate) (PELG)

DMF 9.1 980-1040 84-94 0.8-1.9 29

¢ Values of d and M, are estimated by means of eq 24, and those for PCBL in the second row and for PELG from the
plots of M[n] vs. M'/? (see text). Values in parentheses are taken from original papers (unless stated otherwise).
Abbreviations: TFAA, trifluoroacetic acid; THF, tetrahydrofuran; DMF, dimethylformamide; PPBD, catena-u-1,4-
butadiynediyl-trans-bis(tributylphosphine)platinum. ° Recalculated as 6(S,2/M ) from the light-scattering data given in the

original papers. ¢ Reference 6. ¢ 13.9% N. € 12.9% N.

T T
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20
ME a0’
Figure 6. Schizoghyllan: (a) Plot of (M?/[n])V/2 vs. M¥/%; (b) plot
of M/[n] vs. MY/2, Data for solutions in water (25 °C), ref 25.
Curves 1 and 2 in (b) calculated for d, = 107 and 1072, respectively.
The probable minimum is denoted by cross.

available for the dimensions of schizophyllan molecules
in water, and information about its stiffness resides in a
combination of the viscosity and sedimentation data.* By
analyzing the intrinsic viscosity data by means of the
methods proposed in this paper, we decline somewhat from
the intention of checking them against the results of the
light-scattering method. However, the MHKS exponent
for schizophyllan in water being 1.7 at M < 0.5 X 10° and
1.2 at M > 5 X 10%, the polymer is very suitable for
checking the proposed methods.

The plots of (M?/[5])'/3 vs. M'/2 and M/[5] vs. MY/2 are
presented in Figure 6. The ratio ((R¢2)/M).. = 1.4 X 1072
nm? evaluated from the former is very high (Table IV).
Calculated curves 1 and 2 in Figure 6b correspond to d,

| 1 |
01 02 03 04
M7 .07

Figure 7. catena-u-1,4-Butadiynediyl-trans-bis(tributyl-
phosphine)platinum in benzene at 25 °C.%

= 1073 and 1072, respectively. Using the latter, we obtain
M; = 2050 nm™!, A1 = 296 nm, and d = 3.0 nm. These
values agree rather well with those found by Yanaki et al.?
By employing the method based on eq 24 with & = 0.691,%
we find lower values: My = 1900 nm™, A} = 274 nm, and
d = 1.6 nm (Table IV).

The lowest relative molecular mass, M, = 9.6 X 10%
corresponds to L, = 0,185. Since for 6 < d, X 10° < 10,
our approximation to the function F, is valid at L, 2 0.4;
the first three points in Figure 6 are to be left out from
consideration when fitting the dependence to a straight
line.

catena -u-1,4-Butadiynediyl-trans-bis(tributyl-
phosphine)platinum (PPBD). When plotted according
to eq 11, the data points for PPBD? display downward
deviations at M'/2 < 120 (Figure 7). Neglecting these
points, we obtain ({(Ry?)/M). = 3.6 X 10" nm? The plot
of M/[n] vs. M'/? exhibits a minimum but the shape is such
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Figure 8. Polypeptides: (a) Plot of (M?/[5])}/? vs. M'/%; (b) plot
of M/[n] vs. M*/2 Data points: (O) Poly(y-ethyl L-glutamate);?
(@) poly(e-carbobenzoxy-L-lysine)? in dimethylformamide (25 °C).
Curves 1-3 in (b) calculated for d, = 1073, 1072, and 2 X 1072,
respectively. Arrows in (a) indicate approximate lower bounds
to the validity of eq 7 for d, = 1072

that an estimation of d, is impossible. By means of eq 24
with § = 0.776,% we obtain values of M, and X! that agree
very well with those reported by Motowoka et al.¢ (Table
IV). The difference in d is remarkable.

The relative molecular mass per Kuhn statistical seg-
ment is about 22 X 10% which means that the segment
contains about 40 monomer units. The reduced contour
length L, of the lowest fraction is only 0.31. That may
explain deviations from linearity in Figure 7 at low values
of M.

Polypeptides. The molecules of polypeptides and
poly(a-amino acids) in perfectly helical conformation are
assumed to have a rodlike shape. Thus the MHKS ex-
ponent should lie close to 1.8, and according to Daune,
Freund, and Spach,?” the plot of M?/[5] vs. log M should
be linear. In reality, the exponents are lower, and the DFS
plots are nonlinear with most polymers of this group. This
indicates that the molecules are not rodlike and that
perturbations of the helical structure make the chain less
rigid. Thus the wormlike chain appears to be a more
suitable model for both the equilibrium and hydrodynamic
properties, and checking this idea by means of the intrinsic
viscosity data may be an interesting task.

Unfortunately, very few papers contain both the intrinsic
viscosity and the radius of gyration for fractions of good
quality over a broad range of relative molecular mass. The
studies of poly[e-carbobenzoxy-L-lysine] (PCBL) by
Matsuoka et al.” and of poly[y-ethyl L-glutamate] (PELG)
by Terbojevich et al.?® are exceptions to this rule. Their
data are plotted as (M?/[])Y/% vs. M'/2 and as M/ ] vs.
M'/2 in Figure 8.

Theoretical curves in Figure 8b for three values of d,
have been drawn so as to have their minimum point at M,
calculated according to eq 22 from the values of A, and
B,. It is seen that the experimental values of M/[n] are
not accurate enough to allow an unambiguous estimation
of d,. Consequently, only spans of M;, A}, and d can be
given (Table IV). The lower values correspond to d, = 1072,
and the higher ones to d, = 2 X 1072, The span is narrow
for My and A but, as can be expected, it is broad for d.
Lower values of all parameters resulted from calculations
for PCBL by means of eq 24 with o = 0.803 cm?/g.?®
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T ; 1
20% =

Figure 9. Molar mass dependence of (Sy?),/M,, for polypeptides.
Notation of data points as in Figure 8. Full curves 1 and 1’
calculated according to eq 28 with the values of ({Ry?)/M).. and
M, given in Table IV. Broken horizontal lines 2 and 2’ correspond

to ((So?)/M)...

Figure 9 represents the dependence of (Sy?)/M on M
calculated according to the Benoit-Doty equation®

(Se?) /M = ((S*) /M).{1 - (3a/L) X
[1-2a/L) + 2(a/L)® ~ 2(a/L)? exp(-L /a)]} (28)

where L = M/M;. 1t is remarkable that at M > 1 X 105,
both polypeptides should assume the configuration close
to the random coil, despite the presence of helical sections
in the chain. The curves are compared with the light-
scattering radii of gyration. Data points for two PCBL
fractions measured by Matsuoka et al.?® lie only slightly
above the curve, and their dependence on the relative
molecular mass has the expected trend.

With PELG, the situation is less easy to understand.
Experimental values of {Sy?)/M?® are almost independent
of M, which is at variance with expectation. The differ-
ences between the experimental and calculated values of
(Sg?)/M at low relative molecular masses are very large
and can hardly be ascribed to the effect of polydispersity.
They are lower (10-35%) at M > 1 X 10% and could per-
haps be accounted for by polydispersity.

The Kuhn segment length is about 76 nm for PCBL and
90 nm for PELG, and the number of monomer units per
segment is ~430 for the former and ~500 for the latter
polymer.

By means of the values of M; and Al in Table IV, we
can assess the range of relative molecular masses for which
the approximation to F;(L;) by eq 7 may be used. The
lowest bounds to validity of eq 7 are denoted by arrows
in Figure 8. It is seen that the lowest two or three data
points should be omitted from the extrapolation.

Cellulose Trinitrate. The intrinsic viscosity data for
cellulose trinitrate in acetone®®? and ethyl acetate®s* are
plotted as (M?/[5])'/® vs. M*/? in Figure 10. The plots are
linear at M 5 1 X 105 the slight downward curvature at
higher relative molecular masses might stem from the
nonadequacy of eq 11 at higher values of L, and/or from
the excluded-volume effect. The highest relative molecular
mass (M =~ 4 X 10°) corresponds to L, ~ 300 and is within
the interval of validity of eq 11. Curvature of the plots
can, therefore, be ascribed to the expansion due to the
excluded-volume effect.

The values of ((S;%)/M) calculated from the initial
slopes B, agree very well with the values of (S;2),/M,, for
the highest relative molecular mass obtained from the
light-scattering radii of gyration (after correction for the
coil expansion) (Table IV).

The plots of M/[n] vs. M'/2 display minima but the
scatter of the data points precludes using them for an
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Table V
Model Parameters of Isomeric Poly(phthaloyl-trans-2,5-dimethylpiperazines)

(R, M) X 107,

viscosity data

solvent nm? M;,nm AL, nm d, nm from ref
Poly(o-phthaloyl-trans-2,5-dimethylpiperazine)?
NMP¢ 1.6 (2.1)¢ 390 (330; 370%) 6.2 (6.6;5.9%) 0.71 (0.74;0.66*) 17
CHCI, 1.9 380 (330) 7.2(7.4) 0.78 (0.73) 17
m-cresol 2.0, 340 (350) 6.9 (9.2) 0.74 (0.75) 17
HFIP 1.9, 320 (330) 6.2 (8.2) 0.70 (0.71) 17
DMA 1.4, 380 (310) 5.6 (5.6) 0.70 (0.72) 17
HAc 1.6 400 (320) 6.3 (6.6) 0.80 (0.71) 17
Poly(terephthaloyl-trans-2,5-dimethylpiperazine) b
TFE 2.9, (3.7%) 370 (350; 370%) 11 (12.8;11%) 0.78 (0.76;0.81%) 35
m-cresol 3.6 290 (310) 10.5 (14.8) 0.69 (0.71) 35
Poly(isophthaloyl-trans-2,5-dimethylpiperazine)®
TFE 2.4 440 10.5 (6.2) 0.86 36
m-cresol 2.8 340 9.6 (9.8) 0.75 36

@ Evaluated from (S, %)/M given in ref 17 and 36. ° Values of M, N, and d in parentheses are taken from the original
papers;'7+3:% those denoted by asterisks are from ref 37. ¢ Abbreviations: NMP, N-methylpyrrolidone; HFIP, hexafluoro-
2-propanol; DMA, dimethylacetamide; HAc, acetic acid; TFE, trifluoroethanol.
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Figure 10. Cellulose trinitrate. Solutions in acetone (left-hand
scale): (@) ref 31; (@) 13.9% N; (@) 12.9% N, ref 32. Solutions
in ethyl acetate (nght hand scale) (0) ref 33; (O) ref 34.

estimation of d.. The values of d, and M; have, therefore,
been estimated from the intercepts A, and the partial
specific volumes (from ref 31 and 33) by means of eq 24.
The values of M}, (Table IV) compare well with the value
M, = 570 nm™ calculated from the relative molecular mass
M, and the length of the repeat unit [ (M, = 297, [ = 0.517
nm). Crystallographic diameter oscillates between 0.27 and
0.86 nm (cf. ref 6). By combining Meyerhoff’s viscosity
and sedimentation data, Yamakawa and Fujii® found d =
0.4 nm.

Polyamides PPDP, PIDP, and PTDP. The hydro-
dynamic behavior of poly(o-phthaloyl-trans-2,5-di-
methylpiperazine) (PPDP), poly(terephthaloyl-trans-2,5-
dimethylpiperazine) (PTDP), and poly(isophthaloyl-
trans-2,5-dimethylpiperazine) (PIDP) exhibits some in-
teresting features.!’%3 The plots of log [n] vs. log M are
nonlinear and their slopes (+) decrease as the relative
molecular mass increases; e.g., for PIDP, v/ is close to 0.94
at low M and about 0.75 at M > 6 X 10%, The latter value
is in the range usually observed for long flexible polymer
chains in good solvents, but the former is an indication of
stiffness. There is also a good deal of independent evidence
for the excluded-volume effect, at least for PIDP at M >
1 X 105.36

The combined effects of stiffness and the excluded
volume complicate the analysis of the intrinsic viscosity
data. For this reason, we include the three isomeric po-
lyamides in the present discussion, pursuing the following

T T “’
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Figure 11. Isomeric poly(phthaloyl-trans-2,5-dimethyl-

piperazines). Solutions in m-cresol (25 °C): curve 1, PPDP;V7
curve 2, PIDP;® curve 3, PTDP.%

aims: (i) We wish to check the use of the method based
on eq 11 for less stiff chains than those discussed so far.
(ii) By analyzing the data for PIDP, we hope to find out
if the method allows the effects of chain stiffness and
expansion to be separated. (iii) Motowoka et al.1"?® have
found that the theory of Yamakawa and Fujii cannot ac-
count for the experimental data for PPDP and PTDP at
M < 2 x 104, We wish to explore the possibility of de-
tecting such deviations by the proposed method.

As demonstrated by Figure 11, the plots of (M?/[n])V/8
vs. M1/2 (for solutions in m-cresol) are linear at 0.15 < M1/2
%X 107 < 0.5 but exhibit downward deviations above the
latter value. The deviations are very mild with PPDP and
PTDP and very strong with PIDP (where the range of M/2
values is substantially broader). The plots for other sol-
vents are similar. The deviations are assigned to the ex-
cluded-volume effect.

With respect to these facts, the ((Ry®) /M)., values must
be calculated from the initial slopes, and the accuracy of
the results is poorer than for the previous systems. It is
remarkable that the values of ((Ry2)/M)., calculated with
& = 2.86 X 10?2 (Table V) are lower by about 20-30%
than those evaluated from the radii of gyration.173% The
agreement would be improved by using a lower value of
®). ((2.1-2.2) X 10%). Despite this discrepancy, the values
of ((Ry?)/M)., give evidence of pronounced solvent effects
on the chain conformation and confirm the effect of the
structure of the phthalic acid isomers (cf. ref 36).
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Figure 12, Plot of [n] vs. M, for poly(o-phthaloyl-trans-2,5-
dimethylpiperazine) in N-methylpyrrolidone. Data points from
ref 17. Curve calculated by means of eq 10.

The values of M, and d estimated by means of eq 24 for
PTDP are in good correspondence with those reported by

Motowoka et al.®5 and with those estimated, in a different -

way, by Yamakawa and Yoshizaki.’” For PPDP, the
agreement with the results in ref 37 is very good but is less
good with those in ref 17. As follows from eq 24, the value
of M| calculated from A, depends to some extent on the
value of &, .. Using &;. X 102 = 2.1 instead of 2.86 would
reduce M; by about 12%. Nevertheless, comparison of the
M, values for PPDP in NMP (Table V, first row) obtained
by different methods from the same set of experimental
data illustrates difficulties inherent in the estimation of
M, in this case.

The plots in Figure 11 for m-creso! (and for some other
solvents as well) display slight downward deviations at M
<15 x 10%. In Figure 12 we compare the logarithmic plot
of [1] vs. M for PPDP with the curve calculated according
to eq 10. The curve fits the data quite well at M > 15 X
10° but does not fit so well below this value. Since the
reduced contour lengths for all fractions lie within the
range of validity of eq 7 for d, < 0.1 (cf. Figure 1), the
deviations in Figures 11 and 12 have to be assigned to some
effects that the theory does not take into account. As

shown by Figure 11, such effects can be detected by

plotting data according to eq 11.

Concluding Remarks

It has been shown that the plot of the intrinsic viscosity
data according to eq 11 simplifies the estimation of
({(Ro*) /M), or ({Sy?)/M). for stiff-chain polymers. Com-
bining the parameter A, of eq 11 with other data, pref-
erably with the partial specific volume of the polymer,
leads to reasonably accurate values of the shift factor M;
and the effective hydrodynamic diameter d.

The starting point of the methods proposed here is the
theory of the intrinsic viscosity of a continuous wormlike
cylinder with negligible end effects. It has been shown
theoretically®”® for helical wormlike cylinders and straight
cylinders that the neglect of the end effects is not allowed
at very low values of L,. Deviations from linearity observed
with some plots of (M?/[n])/? vs. M'/2 at low M are
probably an indication of this effect. Anyway, evaluation
of model parameters was not precluded by it.

Before concluding the discussion, we wish to recast the
upper bounds to the use of eq 11 into a more practical
form. It has been expressed in terms of L ** (vide infra).
Table III shows that the values of L, (the reduced contour
length corresponding to the minimum point of the plot of
LY%/F, vs. L,/%) are generally much lower than L **.
Thus, a decreasing trend of the plot of M/[n] vs. M'/?
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(which is equivalent to the plot of L,}/2/F; vs. L,/?) or a
minimum on it may be an indication that the experimental
data lie within the range of validity of eq 7 and 11. Since
according to the argument given above the viscosity ex-
pansion factor «,? is probably very close to unity at L, S
L, , this criterion also holds for good solvent systems.
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Computer Simulation of the Dynamics of Star Molecules
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ABSTRACT: A computer simulation of 3-branched star molecules is presented in both free and highly entangled
regimes. The diffusion constant of the center of mass of an entangled chain is shown to be of the form D
« N exp(-aN), where N is the number of chain segments in an arm, while the free-chain data are in good
agreement with the Rouse result D « N1, A relaxation time of the entangled molecule is shown to be of the
form T = N9 exp(cN) while the free-chain data agree with the Rouse result of 7" « N2,

Introduction

In a series of papers by Evans and Edwards!™ a com-
puter simulation of free and entangled linear molecules
was presented. The presence of the other polymers in the
melt was represented by a mesh of infinitely long rods.
They found that the diffusion constant of the center of
mass, D, and the relaxation time, T, defined as the time
when the end-to-end vector correlation (R(¢)-R(0))
dropped to e! of its initial value obeyed

D « N-2002)
T « N31x02)

where N is the number of chain segments. This is in
agreement with the reptation model of de Gennes.* In a
later paper Evans® extended this work to 8-branched star
molecules. For entangled stars he found

D « N-30(02)
T « N3902)

where N is the number of segments in an arm. de Gennes®
has argued that, to diffuse, a 3-branched star molecule in
a network of infinitely long, fixed obstacles would have to
withdraw the end of one of its arms down its tube to the
branching point and extend it, initially in the direction of
another of the arms; see Figure 1. During the time scale
of this process one could imagine the branching point as
essentially fixed. He then calculated the probability of a
configuration of an arm, with both ends coincident, in
which the loop thus formed enclosed none of the obstacles,
i.e., as in Figure 1b. He found that this probability P was
given by

(1)

@)

P(N) « exp(-aN) (3)

where a is a constant.5” We have recalculated P, and for
large N find

2(21/2)z

PN = NG - 1)

exp(N log (2(z - 1)V?) -
N log (2)) (4)

where 2 is the coordination number of the lattice.!* As one
of these retracing configurations must be intermediate to
a diffusion or relaxation step, he argued that the diffusion
constant would be proportional to this probability and the
relaxation or renewal time to its inverse. Clearly this
cannot be exact; different configurations should have
different weights, but we have no way to calculate the
weights and so assume them all equal.
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It is important to note that the de Gennes mechanism
is not the only possible one. If the branching point were
to move p steps down the tube of one arm, dragging the
other two arms behind it, one of these two arms which
occupy p steps of the same tube would only have to dis-
engage the remaining N - p steps for a diffusive step to
occur. We can sum all the configurations intermediate to
one of these diffusive steps to give a total probability
M(N).

N2
M(N) = ZOP(QN - 2p){1 - P(2p)} (5)
fom

where we define P(0) = 0. The p = N/2 term is the de
Gennes mechanism.

Doi and Kuzuu® have used arguments based on the
dynamics of an arm to calculate the same form for 7. They
then predict the forms of the creep compliance and vis-
cosity of a melt of such stars, which are in good agreement
with the data of Graessley and Roovers.’

Model

The computer model is exactly that of Evans.® Only a
brief description of the model is given here as a full de-
scription has already been published."® The polymer is
modeled as a set of M points on a cubic lattice; the sepa-
ration of neighboring points on the chain is one lattice
spacing. No excluded volume interaction is used between
points along the polymer. This ensures that the chain will
have ideal chain statistics as is well-known to be the case
in melts. A chain, linear or branched, is set up as a random
walk on the lattice. Points along the chain are chosen at
random and moved such that the chain remains connected
and no portion of the chain has moved through any ob-
stacles present. A time step is M such attempted moves.
The obstacles are infinitely long rods located on a cubic
lattice shifted from the polymer lattice in each of the
Cartesian directions by !/, a lattice spacing. This set of
obstacles is called the “cage”. In this simulation obstacles
were placed at each possible site; thus the distance between
obstacles was the polymer step length. Previous simula-
tions'35 used variable cage spacings, but as the molecule
is most highly entangled with a cage spacing of 1, this
spacing was used throughout.

As the model neglects both hydrodynamic and excluded
volume interactions, it is not successful at modeling
polymers in dilute solution. But if no obstacles are present
and we model a free chain, we retrieve the results of the
Rouse chain.!! In particular, Evans found for both linear
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